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Abstract 

Let g be a simple complex Lie algebra, we denote by g the affine Kac-Moody 
algebra associated to the extended Dynkin diagram of g. Let Aq be the fundamental 
weight of g corresponding to the additional node of the extended Dynkin diagram. 
For a dominant integral g-coweight A^, the Demazure submodule V-x^ {uiAq) is a 
g-module. We provide a description of the g-module structure as a tensor product 
of "smaller" Demazure modules. More precisely, for any partition of = Aj 
as a sum of dominant integral g-coweights, the Demazure module is (as g-module) 
isomorphic to (^,- VL^v (mAo). For the "smallest" case, A^ = a fundamental 
coweight, we provide for g of classical type a decomposition of VL(jv(mAo) into 
irreducible g-modules, so this can be viewed as a natural generalization of the 
decomposition formulas in and ^7]. A comparison with the ^7g(g)-characters of 
certain finite dimensional f7^(g)-modules (Kirillov-Reshetikhin-modules) suggests 
furthermore that all quantized Demazure modules V-x^ g(mAQ) can be naturally 
endowed with the structure of a C/g(g)-module. We prove, in the classical case (and 
for a lot of non-classical cases), a conjecture by Kashiwara jllj . that the "smallest" 
Demazure modules are, when viewed as g-modules, isomorphic to some KR-modules. 
For an integral dominant g-weight A let V{A) be the corresponding irreducible g- 
representation. Using the tensor product decomposition for Demazure modules, 
we give a description of the g-module structure of V{A) as a semi-infinite tensor 
product of finite dimensional g-modules. The case of twisted affine Kac-Moody 
algebras can be treated in the same way, some details are worked out in the last 
section. 

*This research has been partially supported by the EC TMR network "LieGrits", contract MRTN-CT 
2003-505078. 2000 Mathematics Subject ClassiGcation. 22E46, 14M15. 
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Introduction 



Let be a simple complex Lie algebra, we denote by g the affine Kac-Moody algebra asso- 
ciated to the extended Dynkin diagram of q. (The twisted case is considered separately in 
the last section). Let Aq be the fundamental weight of g corresponding to the additional 
node of the extended Dynkin diagram. The basic representation V^(Ao) is one of the most 
important representations of q because its structure determines strongly the structure of 
all other highest weight representations V{A), A an arbitrary dominant integral weight 
for 0. 

Let be the coweight lattice of q. An element A"^ in the coroot lattice, can be viewed 
as an element of the affine Weyl group W^^ (see section 1), and one can associate to 
the Demazure submodule Vav(A) of V{A) (see section 2). 

Actually, this construction generalizes to arbitrary A^ G in the following way: one 
can write A^ as wa G W^^ in the extended affine Weyl group, where w G W^^ and a 
corresponds to an automorphism of the Dynkin diagram of 0. Denote by Vav (A) the 
Demazure submodule V^^(A') of the highest weight module ^(A'), where A' = cr(A). 

If A^ is a dominant coweight, then the Demazure module l^_Av(mAo) is in fact a g- 
module, and it is interesting to study its structure as g-module. So one would like to get 
a restriction formula expressing V-\y (mAo) as a direct sum of simple ^-representations. 
We write V-\^ i'^Ao) for the Demazure module viewed as a g-module. 

A first reduction step is the following theorem describing the Demazure module as a 
tensor product. Such a decomposition formula for Demazure modules was first observed 
by Sanderson j2I] in the affine rank two case, and was later studied in the case of classical 
groups in the framework of perfect crystals for example in ^2], see [Zj for a more complete 
account. We provide in this article a description of the Demazure module as a tensor 
product of modules of the same type, but for "smaller coweights" . More precisely, let A^ 
be a dominant coweight and suppose we are given a decomposition 

Av = + A^^ + . . . + A,^ 

of A^ as a sum of dominant coweights. The following theorem is a generalization of a result 
in jTTj , where the statement has been proved in the case m = 1 and under the additional 
assumption that all the A^ are minuscule fundamental weights, and the decomposition 
formulas in [Hj, fl] and ^H], where in the framework of perfect crystals for classical 
groups many cases have been discussed. (The corresponding version for a twisted Kac- 
Moody algebra can be found in section 4.) 

Theorem 1. For all m > 1, we have an isomorphism of Q-representations between the 
Demazure module V^\^ {mAo) and the tensor product of Demazure modules: 

F_Av (mAo) ~ F_A^ (rnAo) ® V^xY, (mAo) ® ■ ■ • ® F„av (mAo). 
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Of course, to analyse the structure of y_Av(mAo) as a g-module, the simplest way is 
to take a decomposition of A"^ as a sum of fundamental coweights A"^ = ^ fljt^/- So by 
Theorem 1, it remains to describe the structure of the y_^v(mAo) as a g-module. We 
give such a description below for all fundamental coweights for the classical groups. For 
the exceptional groups we give the decomposition in the cases interesting for the limit 
constructions considered later. The enumeration of the fundamental weights is as in , 
we write t^o for the trivial weight. For more details on the notation see section 2, we only 
recall here that we use the abbreviations \^_(^v(mAo) and \^_,y((^v)(mAo) for the Demazure 
submodule associated to the translation t_,^(^v), viewed as an element in the extended 
affine Weyl group. We write V* for the contragradient dual of a representation V. Many 
special cases of the list below have been calculated before, for example by the Kyoto 
school ([H], [E], IIS], 1221 )• (The corresponding version for a twisted Kac-Moody algebra 
can be found in section 4.) 

Theorem 2. Let uj^ be a fundamental coweight and let \^_(^v(mAo) be the associated 
Demazure module. Viewed as a Q-module, y_ajv(mAo) decomposes into the direct sum of 
irreducible g-modules as follows: 

• Type An-' y_^v(mAo) = V -i^-{^m-^o) — V{mu!i)* as sin-module for all i = 1, . . . ,n. 

• Type B„.- Set 6 = for i even and 6 = 1 for i odd, then we have for 1 < i < n: 

y_^v(mAo) = V.^X^Aq) ^ ^ V{aiUi + ai_2UJi-2 + • • • + agUg) 
and for i = n: 

V-^v{mAo) = V-2u;AmAo) ^ ^ V(2a„u;„ + a„_2u;n-2 + • • • + agUg) 

as S02n+i-'module. 

• Type C„.- for i < n we have 

F_^v (mAo) = F_2^,. (mAo) ~ V{2aiuji + ... + 2ajUJj) 

ai+...+aj<m 

and for j = n: y_^v(mAo) = V-^^{mAo) ^ V{mu!n) as sp^^module. 

• Type D„.- Set 6 = for i even and 6 = 1 for i odd, then we have for 2 < i < n — 2: 

y_^v(mAo) = V-u;^{mAo) ~ V{aiUi + ai-20Ji-2 + • • • + agUg) 

ai+ai-2+---+ag=m 

and for i = l,n — l,n.- y_^v(mAo) = V -i^iimAo) ~ Vimuji)* as 502n-'m'Odule. 



3 



Type Eg; 

F_^v(mAo) = F„^,(mAo) ^ 1/(m^i)* /or i = 1,6 



V^-..v(mAo) = V-.,(mAo) ~ © V{ruj2) 

r=0 

as EQ-module. 
Type Ey." 

V-^^imAo) = F„^,(mAo) ^ Virrnur) 

m 

r=0 

as Ej -module. 

m 

Type Eg.- V^_^v(mAo) = V-^^^mAo) ~ © V(ru;8) En-module. 

r=0 



Type F, 



4- 



r=0 

and 

F_<^v(mAo) = F_2<^4("^Ao) ~ V{rui + 52^4) 

r+s<m 

as F4-module. 

m 

• Type G2: V_^v{mAo) = ■^.^^(mAo) ~ © V{ruj2) as Q,2-'module. 

r=0 

There is a very interesting conjectural connection with certain ?7g(0)-modules. Here 
U^(g.) denotes the quantized affine algebra without derivation. 

Let KR{muJi) be the Kirillov-Reshetikhin-module for a multiple of a fundamental weight 
of g, for the precise definition see jH], it is irreducible as U'^(^) and the highest weight, 
when viewed as a f/g(g) -module, is moji. In (TU] Kashiwara introduced the notion of a 
good ?7^(g) -module, which, roughly speaking, is an irreducible finite dimensional f/^(0)- 
module with a crystal basis and a global basis, and he proved that the tensor product of 
good modules is a good module. It is conjectured that the KR-modules are good. For 
all fundamental g-weights uji Kashiwara constructed this irreducible finite-dimensional 
integrable t/gCg) -module KRioji) and showed that it is good and even more that the 
crystal is isomorphic to a certain generalized Demazure crystal as a g-crystal. 

Let = (for the definition of the see section 1.1) and / G N. Let KRilc^Uk) 

be the Kirillov-Reshetikhin-module for U'(q) associated to the weight Ic^ujk- It is more 
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generally conjectured that the KRilcluoi^) the crystal is isomorphic to the crystal of a 
Demazure module, after omitting the 0-arrows in both crystals . Chari and the Kyoto 
school have calculated for classical Lie-algebras and some fundamental weights for non- 
classical Lie-algebras the decomposition of the Kirillov-Reshetikhin module KRilc^Uk)) 
into irreducible [/g(g)-modules [2j. By comparing the f/g(0)-structure of the Kirillov- 
Reshetikhin module KRilc^uik)) with the list in Theorem 2 we conclude: 

Corollary 1. In all cases stated in Theorem 2, the Demazure module {V^i^v^q{lAo)) and 
the Kirillov-Reshetikhin module KR{lc^u!k*) are, as Uq{g) -modules, isomorphic. 

In particular, if KRilc^Uk*) has a crystal basis, then the crystal is isomomorphic to 
the crystal of (y_t^v(/Ao)) after omitting the arrows with label zero. By using the [/^(g)- 
module isomorphism, we see that (in the cases above) the quantized Demazure modules 
^-Lj^,q(^Ao) can be equipped with the structure of an irreducible [/^(g) -module. In fact, 
using the Theorem 1, we see that for classical groups all quantized Demazure modules 
y_Av,q(/Ao), a dominant coweight, can be equipped with the structure of an U'^(q)- 
module. Of course, in the exceptional case the same argument shows that when can 
be written as linear combinations of the fundamental weights listed in Theorem 2, then 
again V^yj ^qilKo) can be equipped with the structure of an ^/^(g) -module. This leads to 
the following: 

Conjecture 1. Let g be a semisimple Lie algebra, let f/g(g) be the associated untwisted 
quantum affine algebra and let t/q(g) be its subalgebra without derivation. For all dom- 
inant coweights A^ and for all / > 0, the Demazure module V^\^ ^q{lh.o) can be endowed 
with the structure of a [/g(g)-module admitting a crystal basis. Its crystal graph is iso- 
morphic to the crystal of the Demazure module, after omitting the arrows labelled with 
zero. 

The tensor decomposition structure in Theorem 1 holds in the following more general 
situation. Let A,, 1 < z < tt,, be a fundamental weight of g such that the corresponding 
coweight is minuscule. Let A^ be a dominant coweight and suppose we are given a 
decomposition 

Av = ^ + . . . + A^ 

of A"^ as a sum of dominant coweights and denote ui* the highest weight of the irreducible 
g-module V{ui)*. 

Theorem 1 A. For all m> and s > 1, we have an isomorphism of ^-representations 
between the Demazure module y_Av(mAo + sAj) and the tensor product of Demazure 
modules: 

F_Av(mAo + ski) ^ V {su*) ®V _xi{{m + s)Ao) ® ■ ■ ■ ® F_Av((m + s)Ao). 
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Let A be an arbitrary dominant integral weight for g. The g-module V^(A) is the direct 
hmit of the Demazure-modules V^nxv{A) for some dominant, integral, nonzero coweight 
of g. We give a construction of the g-module V{A) as a direct limit of tensor products 
of Demazure modules. This has been done before in the case of classical Lie-algebras for 
A = rAo (and corresponding weights obtained by automorphisms as in the statement of 
Theorem 2) by Kang, Kashiwara, Kuniba, Misra et al. [7j, J3] via the theory of perfect 
crystals. In addition they have also considered some special weights in the case of non- 
classical groups. For G2, such a construction has been given by Yamane j22]- For the Lie 
algebras of type Eg and E7 a construction (only for the case A = Aq) was given by Peter 
Magyar [T2j using the path model. 

We provide in this article such a direct limit construction for arbitrary simple Lie 
algebras q. Let A be a dominant, integral weight for g, then we can write A = tAq + A 
with A dominant, integral for q. 

Let W be the g-module W := V-ev^rAo), where 9 is the highest root of g, we show 
that W contains a unique one-dimensional submodule. Fix w 7^ a g-invariant vector in 
W. Let V{X) be the irreducible g-module with highest weight A and define the g-module 
to be the direct limit of: 

V^r ■ ^W® V{X) ^W®W(S) V{X) ®W ®W ® V{X) ^ ... 

where the inclusions are always given by taking a vector u to its tensor product u ^ w®u 
with the fixed g-invariant vector in W . 

Recall the notation V{A) for ^(A) viewed as a g-module. (The corresponding version 
for a twisted Kac-Moody algebra can be found in section 4.) 

Theorem 3. For any integral dominant weight A ofg, A = tAq + A, the g-modules V^^. 
and V{A) are isomorphic. 

Remark 1. The choice of W is convenient because it avoids case by case considerations. 
But, in fact, one could choose any other module W = l^_^v(rAo)'^™, where l^_^v(rAo) is 
the Demazure module for a dominant, integral, nonzero coweight /i^ and m is such that 
V^_^v(rAo)®'" contains a one-dimensional submodule. 

1 The afRne Kac— Moody algebra 
1.1 Notations and basics 

In this section we fix the notation and the usual technical padding. Let g be a simple 
complex Lie algebra. We fix a Cartan subalgebra f) in g and a Borel subalgebra b ^ f). 
Denote $ C ()* the root system of g, and, corresponding to the choice of b, let be the 
set of positive roots and let A = {ai, . . . , be the corresponding basis of 
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For a root /5 G $ let G f) be its coroot. The basis of the dual root system (also 
called the coroot system) $^ C f) is denoted = {a^, . . . , a^}. 

We denote throughout the paper by = XlILi highest root of $, by 6^ = 
Yl^=i^i(^i the highest root of $^ and by 6^ = JZ^^idiC^i the coroot of 6. Note that 
QV _^ 0x general. The Weyl group of $ is generated by the simple reflections 
Si = Son associated to the simple roots. 

Let P be the weight lattice of $ and let be the weight lattice of the dual root 
system P^ . Denote P^ C P the subset of dominant weights and let Z[P] be the group 
algebra of P. For a simple root ctj let uji be the corresponding fundamental weight, we use 
the same notation for simple coroots and coweights. Recall that uJi is called minuscule if 

= 1, and the coweight u;/ is called minuscule if = 1. 

Denote by ()k C f) the real span of the coroots and let C ()* be the real span of 
the fundamental weights. We fix a VT-invariant scalar product (■, ■) on f) and normalize 
it such that the induced isomorphism v : — *• f)J maps to 0. With the notation as 
above it follows for the weight lattice P^ of the dual root system $^ that 

z/(a^) = —^Oii and ^iyJ^i) = Vi = 1, . . . ,n. 

Let g be the affine Kac-Moody algebra corresponding to the extended Dynkin diagram 
of (see IE], Chapter 7): 

Here d denotes the derivation d = t4r and K is the canonical central element. The Lie 

at 

algebra g is naturally a subalgebra of g. In the same way, f) and b are subalgebras of the 
Cartan subalgebra f) respectively the Borel subalgebra b of g: 

i) = [)®CK®Cd, b = b © CA' © © g ®c tC[t] (1) 

Denote by $ the root system of g and let be the subset of positive roots. The positive 
non-divisible imaginary root in is denoted 6. The simple roots are A = {ao} U A 
where = 5 — 6. Let Aq, . . . , A„ be the corresponding fundamental weights, then for 
2 = 1, . . . , n we have 

Ai = uji + a^Ao- (2) 
The decomposition of f) in has its corresponding version for the dual space f)*: 

r = r © CAo © C6, (3) 

here the elements of f)* are extended trivially, (Aq, I)) = (Aq, d) = and (Aq, K) = 1, and 
{S, f)) = {6, K) = and {6, d) = 1. Let A^ = {a^, a^, . . . , a^} C f| be the corresponding 
basis of the coroot system, then = K — 9^. 
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Set ()^ = M5 + ^"^oMAi, by © and (0) we have f^j^ C f)^. The affine Weyl group 
is generated by the reflections Sq, Si, s„, where again Sj = s^^ for a simple root. The 
cone C = {A G (A, a^) > 0, i = 0, n} is the fundamental Weyl chamber for g. 

We put a ^ on (almost) everything related to g. Let P be the weight lattice of 0, let 
P"*" be the subset of dominant weights and let Z[P] be the group algebra of P. Recall the 
following properties of 5 (see for example [Hj, Chapter 6): 

= OVz = 0,...,n w{5) = 5'i w , (ao, a,"") = -(0, a^) for z > 1 (4) 

Put ao = = 1 and let A = {cii,j)o<i,j<n be the (generalized) Cartan matrix of q. We 
have a non-degenerate symmetric bilinear form (-, ■) on f) defined by ([Hj, Chapter 6) 

(a)^, a]) = ^aij ij = 0,...,n 

(a'^^d) = ' 2 = (5) 
la^,d) = l {d,d)=0. 

The corresponding isomorphism u : i) ^ [)* maps 

= -TjOii, u{K) = 6, u{d) = Aq. 

Denote by Qsc the subalgebra of q generated by q and = K — Q"^ , then f)sc = f) © 'CK 
is a Cartan subalgebra of gsc- The inclusion l)sc induces an epimorphism t)* — » P)*^ 
with one dimensional kernel. Now (jH) implies that we have in fact an isomorphism 

and we set f)*^,]^ = f)j^/M(5. Since IR5 C C, we use the same notation C for the image in 
f)*^]jj. In the following we are mostly interested in characters of g-modules respectively 
flsc^modules obtained by restricion from g-modules, so we consider also the ring 

Z[P,e] := nP]/Is, 
where = (1 — e^) is the ideal in Z[P] generated by (1 — e''). 

1.2 The extended affine Weyl group 

Since W^^ fixes S, the group can be defined as the subgroup of G'L(f)*^jg) generated by 
the induced reflections Sq, . . . , s„. 

Let M C f)J be the lattice M = i^(0"=i ^«i^)- If is simply laced, then M is the root 
lattice in f)^, otherwise M is the lattice in f)^ generated by the long roots. An element 
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A e i)sc,R can be uniquely decomposed into A = A + BAq such that A G fig. For an element 
G M let G be the map defined by 

A = A + 6Ao t^(A) = A + 6Ao + 6/i = A + (A, K)^. (6) 

Obviously we have tfj_otfj_i = t^j^-fj,', denote Im the abelian subgroup of GL{l)l^^) consisting 
of the elements t^, fi G M. Then W^^ is the semidirect product W^^ = WikIm- 

The extended affine Weyl group W^^ is the semidirect product W'"^^ = W^xt^, where 
L = ^1^1^) is the image of the coweight lattice. The action of an element t^, fi E L, 

is defined as above in 

Let S be the subgroup of W^^ stabilizing the dominant Weyl chamber C: 

S = {a G W""^ I a{C) = d}. 

Then S provides a complete system of coset representatives of W^^ /W^^ and W^^ = 
T,t<W^^. The elements cr G S are all of the form (one can verify this easily or see P) 

where is a minuscule coweight and = WoWo^i, where Wq is the longest word in W and 
Wo,i is the longest word in W^^, the stabilizer of Ui in W. 

We extend the length function i : W^^ — N to a length function i : W^^ — > N by 
setting i{aw) = £{w) for w G W"^^ and a G S. 

2 Demazure modules 
2.1 Definitions 

For a dominant weight A G let V^(A) be the (up to isomorphism) unique irreducible 
g-highest weight module of highest weight A. 

Let U{b) be the enveloping algebra of the Borel subalgebra b C 0. Given an element 
w G W^^/Wa, fix a generator Vu;{a) of the fine 1^(A)^„(a) = Cft„(A) of [)-eigenvectors in 
V"(A) of weight w{A). 

Definition 1. The t/(b)-submodule Vw{A) = U{b) ■Vw{a) generated by Vw{a) is called the 

Demazure submodule ofV{h) associated to w. 

To associate more generally to every element aw G W^^ = T,[><W^^ a Demazure 
module, recall that elements in S correspond to automorphisms of the Dynkin diagram of 
5, and thus define an associated automorphism of q, also denoted a. For a module V of 
g let be the module with the twisted action g o v = a~^{g)v. Then for the irreducible 
module of highest weight A G P"*" we get V{Ay = V{a{A)). 
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So for aw G = S ix W^^ we set 

K;<x(A) = K„(c^(A)) respectively V;^(A) = \/,,,-i(a(A)). (7) 

Recall that for a simple root a the Demazure module Koo-(A) is stable for the associated 
subalgebra 3[2(a) if and only if SaWa < wa mod VFa in the (extended) Bruhat order. In 
particular, \4;a-(A) is a g-module if and only if Siwa < wa mod W'j^ for alH = 1, . . . , n. 

The example which will interest us areJJie Demazure modules associated to the weight 
rAo for r > 1, in this case = W, so W'^^/W = L. The Demazure module Vt^^^^^iAo) 
is a 0-module if and only if /i^ is an anti-dominant coweight, or, in other words, /x^ = — A"^ 
for some dominant coweight. 

To simplify the notation, we write in the following 

V^_Av(mAo) for ^t^^^,^ (mAo), (8) 

and we write 

F_Av(mAo), (9) 

for V"_Av(mAo) viewed as a g-module. So we view Char y.^v (mAo) as an element in Z[P] 
obtained from the f)-character by projection. 

2.2 Demazure operators 

Let /? be a real root of the root system $. We define the Demazure operator: 

Dp:Z[P]^Z[P], D^ie') = ^ _ 

Lemma 1. 1. For X, G P we have: 

( + e^-^ + ■■■ + e'^^^^ if (A, > 

Dpie^)= { if (A,/3^) = -l (10) 

[ _eA+/3 _ gA+2/3 e^MA)-/? if (A, p^) < -2 

3. Let X ^ ^[-P] be such that s^(x) = X; then Dp{x) = X- 

4- Let X £ then Dp{x) stable under sp. In particular, if Dp{x) = Xj then 

S/3(x) = X- 
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5. Dp is idempotent, i.e., D p{D p^e^')) = Dp{e^) for all /i 

Proof. For 1., 3., 4., and 5. see [H], (1.5)-(1.8). The proof of part 2. is a simple calculation. 
• 

Lemma ^ implies: 

Corollary 2. // (/i, Z?"^) = 0, then Dp^e^+f") = e'^L'^(e^). 

The corollary is in fact a special case of the following more general exchange rule, 
which follows easily from Lemma 1: 

Lemma 2. Let XjV ^ Z[P]. If Dp{r]) = rj, then 

Since -Dq. (1 — e^) = (1 — e^) for alH = 0, . . . , ra, Lemma |21 shows that the ideal Is is 
stable under all Demazure operators D^j. Thus we obtain induced operators (we still use 
the same notation D^) 

Dp : Z[PJ ^ Z[Psc], e'^ + h^ Dp{e^) + h, 
Recall further that {6, = (see (jl}), so it makes sense to define on Z[Psc] the function 

Lemma 3. If \ E P n [)* , then D^^^{e^) = D^eie^) m TL\P^^. 

Proof. Since A e f)* we have (A, a^) = (A, c - 6^) = -(A, 9^). Further, = ^ - 6, so 
equation (fTUj) can be read in Z[Psc] as 

r + e^+® + ■ ■ ■ + e^+"® if n = (A, a^) = (A, -6^) > 
Daoie^) = \ if (A,ao^) = (A,-0^) = -l 

[ _e^-e e^-(l"l-i)® if n = (A, a^) = (A, -6^) < -2 (11) 

= D_e{e^) 
2.3 Demazure character formula 

We want to extend the notion of a Demazure operator also to elements of S. We define 
for cr G S: 

: Z[P] ^ Z[P], D^ie"") = e'^^^'l 
Since a{S) = S, we get an induced operator D^j on Z[Psc]. 

Lemma 4. D^Dp = D„(^p)D„. 
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Proof. Let A G P, then (A,/?^) = (cr(A), cr(/5^)), which imphes the claim by equation 

(uni). • 

In the following we denote hj Di, i = 0, . . . ,n the Demazure operator D^. correspond- 
ing to the simple root a^. Recall that for any reduced decomposition w = Si-^ ■ ■ ■ Si^ of 
w G W^^ the operator Dyj = Di^ ■ ■ ■ Di^. is independent of the choice of the decomposition 
(see [El, Corollary 8.2.10). _ 

We associate an operator to any element wa G W'"^^ by setting 

By Lemma m we have for aw G W^^ = J^PiW^^: 

Let w;cr G ly^*^ and let A G P^ be a dominant weight. 
Theorem 1 ([H] Chapter VIII, fT^ITSj '). 

CharK,((T(A)) = D^.(e^). 

Let be a dominant coweight. Associated to t_;/(A)v G W^^ we have a Demazure 
operator Dt_^^^^y we write for simplicity just D^\v. 

Lemma 5. Let X\, be two dominant coweights, and set A"^ = A^ + Aj ■ Then 

Lemma 6. Let V be a finite dimensional Qsc^module such that Char K G Z[P], then 

A(Char V) = Char V Vz = 0, . . . , n; and P)^(Char V) = Char K (12) 

Proof. The character of a finite dimensional g-module is stable under the Weyl group W 
and hence stable under Di for all z = 1, . . . , n by Lemma ^ It remains to consider the 
case i = 0. Now all weights lie in 1)*, so by Lemma 01 we have: 

Do (Char 1/) = D^eiChaiV) = ChaiV 

where the right hand side is again a consequence of Lemma ^ 

Now a = for some minuscule fundamental coweight tuj and some y G W. 

Since operates trivially on Z[P] and Dy{Cha.TV) = CharV, the claim follows. • 
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3 The proofs 



3.1 Proof of Theorem 1 

Let be a dominant coweight and suppose we are given a decomposition 

= A^ + A^^ + . . . + A^ 

of A^ as a sum of dominant coweights. For the notation see (jH)) and (jH)). 
Theorem 1 As Q-representations, the modules 

V-xv (mAo) and V^x^ (rnAo) ® V-x^ ("mAo) ® ■ ■ ■ ® V^-a^ i'mAo) 

are isomorphic. 

More precisely, we wiU show that, on the level of characters of flsc^niodules: 
Theorem 1'. 

Char F_AV (mAo) = e™'^" Char F_Ay (mAo) Char F_av (mAo) ■ ■ ■ CharF_Ax("^Ao). 

Theorem 1' obviously implies Theorem 1, so it suffices to prove Theorem 1'. 
A first step is the following lemma: 

Lemma 7. Let x G ^[-Psc] be a character of the form e'"^''Char V^, where V is a finite di- 
mensional Q-module. Suppose A"^ G is a dominant coweight and lett^yi^x'-^^ = Si^ . . . Si^a 
be a reduced decomposition in W^^ . Then 

Di^... At /^.(e™"^" Char F) = Ai • • • A,/^a(e"'^°)CharF. 

Proof. The lemma is proven exactly in the same way as Lemma |2l only using now in 
addition Lemma El for the operators A and Dcr. • 

Proof of Theorem \S.1V . The proof is by induction on r. Suppose r = 1 and A^ = wa 
where a G E and w G W^^ . The character of VLAv(mAo) is the character of the Demazure 
submodule \4,((T(mAo)) = Ko(mAo + moj*) for some appropriate minuscule fundamental 
weight of g. So all Qsc^weights occuring in the module are of the form mAo + mu;*+ a 
sum of roots in $ (possibly positive and negative, see Lemma 3), and hence the character 
is of the desired form e™^" Char y_Av (mAo). 

Suppose now r > 2 and the claim Jholds already for r — 1. By the definition in 
equation ((7j) we have for t^(_AV) = wa G W^^: 

Char l^_AV (mAo) = Char Vu,(m(T(Ao)), 
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by the Demazure character formula (Theorem Q]) the latter is equal to D_ 

CharF_Av(mAo) = L'_Av(e™^«), 
by Lemma the right hand side can be rewritten as 

Char \/_Av(mAo) = D_Ay {d^x- ■ ■ ■ I^-Axle"^")), 
by induction the right hand side can be reformulated as 

Chary_Av(mAo) = D^^X (e'^^"CharF_Av(mAo) ■ ■ ■ CharF_Av (mAo)) , 
by Lemma [3 this is equivalent to 

Char1/„Av(mAo) = (^D_Ay(e"^»))charF_Av(mAo) ■ ■ ■ CharF_Ay("^Ao)- 
Now the arguments for the proof of the case r = 1 show that this implies 

Char V^_Av(mAo) = e'^^o Char F_Ay(mAo) Char F_Av(mAo) ■ ■ ■ CharF_Ay (mAo), 
which finishes the proof. • 

3.2 Proof of Theorem 1 A 

The proof is similar to the proof above, so we give just a short sketch. As above, we have 

Char r_AV (mAo + rA,) = D^^- (e'"^«+'-^') = D^^-D^x- ■ ■ ■ D^x-D^^. (^e^^^o+rK^ 

Now t^u(uj-) = t^tJi = TiO"j. Here Tj = wo,iWo, where wq is the longest element in W and 
Wo^i is the longest word in the stabilizer W^^^ of Ui, and cTj is a diagram automorphism. 
Note that ai{Ai) = t~H^^X^o + u,) = 7^-^(Ao) = Aq and 

o-i(Ao) = rrH^^^Ao) = rr^iAo - uji) = Aq + Tr'^{-Ui) = Aq + woWo,i(-^i) = Aq + uj*, 

where u* denotes the highest weight of the irreducible g-representation V{uJi)*. Note that 
Aq + UJ* is again a fundamental weight (for the Kac-Moody algebra q), and recall that 

where Wq ^ is the longest word in the stabilizer W^^* of u*. So 

— £) ( g-mAo+ma;*+rAo 
_ (m+r)Ao £) I ^rriL 

— p(m+r)Aor) ^ [p 

= e(™+'')^«Char1/( 
Now the same induction procedure as above applies to finish the proof. 
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3.3 Proof of Theorem 2 

The proof is divided into several case by case considerations. Suppose first that is 
a minuscule coweight. In this case (for m = 1 this has already been proved in [T7j ) 

t-uj^ = WifiWo(Ti and hence 

CharF_^v(mAo) = D^^ve'"^" = D^^^.^.e^'"'^^' = /^^„^.„e™^«+'"-* = e™^«Char V^(m^)* 

In particular, this finishes the proof for the Lie algebras of type A„. For the next few cases 
we need the following: 

Lemma 8. Let wq be the longest element in the Weyl group of g, let z he an arbitrary 
element of Stabw{Q), where B is the highest root of g, let r G N. Then 

r 

F^o-o(^Ao)^01^(me) 

m=0 

as g-representations. 
Proof. 

^(«,o.).o(e''''°) = D^.^D.eie^'^o) 

= e'^^o(D^„(eO + I)^o(e®) + • • • + ^«.o(e''®))) 

which finishes the proof. • 

In the cases Eq, Ej, Es, F^, G2 the highest root O is also a fundamental weight, say 
uji. Let Pi := Then i^iuj^) = ^-Ui = piQ. In fact, for the adjoint representations 

i i __ 

considered here one sees that pj = 1 in all cases. Since t-^j^ = sgSo, it follows by LemmaEl 



^-c.v(rAo)^0n 



muJi 

m=0 



Next we consider the types B.„ and D„ with the Bourbaki indexing of the simple roots, i.e., 
we consider the root system as embedded in with the canonical basis {ei, . . . , e^} and 
the standard scalar product. The basis of the root system is given by the simple roots 
«i = — ej+i, i = 1, . . . ,n — 1 and a„ = e„ (type B„, n > 3) respectively a„ = e„_i + e„ 
(type D„, n > 4), the highest root is ei + 62 in both cases. We have 

= {S2 ■ ■ ■ Sn ■ ■ ■ S2)Si{s2 ■ ■ ■ Sn ■ ■ ■ S2)Sq 
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In the following we consider only the non-minuscule fundamental coweights. We get for 
2i < n (case B„) respectively 2i < n — 2 (case D„): 



= t 



(^{s2SiS3S2)t-^^{s2SiS3S2)^ ■ ■ ■ (^{s2i-2 " " " S2S1) 
S2i-1 ■ ■ ■ S3S2)t-u,2is2S3 " " " S2i-l)(siS2 ■ ■ ■ S2i-2)^ 

S2SiS3S2)So{s2SiS3S2))se,+ee " " " ^eai^i+ea, (13) 



-1 ■ ■ ■ S3S2)Sq{s2S3 ■ ■ ■ S2i-l)( 



S1S2 ■ ■ ■ S2i-2, 
So \{S2SiS3S2}Sq{S2SiS3S2, 
)(S2.-1 ■ ■ ■ S3S2)sq{s2S3 ■ ■ ■ S2i-l){SiS2 ■ ■ ■ S2i-2, 

We see that we can write the word as a product W1W2 of two words, the first being an 
element of the Weyl group W and the second being a word in the subgroup of W^^ 
generated by the simple reflections Sq, Si, . . . , S2i_i, this is (in the B„ as well as in the D„ 
case) a group of type Y>2i- 

Since we look for a character of a g-module, we know the character is stable under 
the operators Dj, 1 < i < n. So to determine the character of l^.^^v (mAg), it suffices to 
get a reduced decomposition of the word W2 above modulo the right and left action of W , 
the character of V.^^v (mAg) can be reconstructed by applying the Demazure operators 
A, l<i<n. 

The strategy is the following. We show that the decomposition above of W2 is a reduced 
decompostion. Further, we show that r = S1S3 . . . S2i-iW2 is the longest word of the Weyl 
group of the subgroup of W^^ of type D2j. 

Before we give a more detailed account on how to prove this, let us show how this 
solves the problem. Let c) C g be the semisimple Lie algebra of type T>2i associated to the 
simple roots ao, . . . ,a2j-i, then ^^(mAo) is an irreducible t)-module. More precisely, it 
is the irreducible m-th spin representation (associated to the node of ao). Let D' be the 
semisimple subalgebra of corresponding to the simple roots ai, . . . , a2j-i, then D' is also 
the semisimple part of a Levi subalgebra of g. Since VV(mAo) is a b-module, it is hence a 
b and a O'-module. By the Borel-Weil-Bott theorem we know that the induced g-module 
(which is the module l^_t^v(mAo)) has the same direct sum decomposition as K-(mAo) 
has as c)'-module. Since the latter has been already given in ^H], this finishes the proof. 

We come now back to the proof of the first claim. We make the calculations in the 
following modulo 5, so the set of positive roots for the type D2i-sub diagram (modulo 5) 
is the set 

{es-et\l<s<t<2i}U {-e^ - e* | 1 < s < t < 2i}. 

In these terms the decomposition of W2 as the second part in the square brackets in (fTSj) . 
reads as 



W2 
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and all positive roots above are sent to negative by W2 roots except ai, a^, . . . , Q!2i-i- This 
implies that the decomposition above of length Ai"^ — 3i is reduced, and 

'T = SiS-s ■ ■ ■ S2i^lSQ I (s2SiS3S2)So(s2SiS3S2) ) " " " I (s2j-2 ' ' ' (S2j-1 " " " S3S2) 

V /V . (14) 

So(s2S3 ■ ■ ■ S2i-l){siS2 ■ ■ ■ 821-2) j 

is a reduced decomposition of the longest word of the Weyl group of the subgroup of type 
D2j. This shows that r a subword of t-^^-, and V^^^v (mAo) is the g-module generated by 
the b-O'-submodule V^(mAo). 

It has been already pointed out above that the decomposition of y_^v(?TiAo) as g- 
module is completely determined by the f)-module structure of V^(mAo) and the decom- 
position of V-ri'mh.Q) as O'-module. So it remains to describe the decompositon of the 
m-th spin-representation Kr(mAo) with respect to the subalgebra c)', and to describe the 
highest weights as weights for the Cartan subalgebra 1). 

The decomposition of the m-th spin-representation VV(mAo) with respect to the sub- 
algebra D' can be found in ^H] (see section 1.4). The description of the possible highest 
weights occuring ([121, Proposition 3.2) in the decomposition implies for 2i < n (case B„) 
respectively 2i < n — 2 (case D„): 

Char y.^v (mAo) = ^ Char V^(aiu;2 + . . . + aiUJ2i), 

ai+...+ai=m 

and for 2i = n in the case B„: 

Char y_^v(mAo) = ^ Char V{aiUJ2 + . . . + a(^n-2)/2^^n-2 + 2anUJn)- 

ai+...+a„/2=m 

The calculation for the odd case is similar. We assume 2i -|- 1 < n in the case and 
22 -|- 1 < n — 2 in the case D„ 

^-'^2i+l ~ ^-fl-<S2 ■ ■ ■ ^-<:2i-l-e2i^-e2i+l 

= t_ei-e2(s2SlS3S2t-ei-e2S2S3SlS2) " " " 

(s2i-2 • • • SiS2i-l . . . S2t-ei-£2S2 . . • S2i-lSi . . . 821-2) 
{S2i . . . Sit-^^Si . . . S2i) 
= Sei+e2SoSe3+e4(s2SiS3S2SoS2S3SiS2) ■ ■ ■ 

Se2i-i+e2t{^2i-2 ■ ■ ■ SlS2i-l ■ ■ ■ S2SQS2 ■ ■ ■ S2i-lSi . . . S2i-2) 
Se2i+i{s2i ■ ■ ■ ■SlO'iSi . . . S2i) 
= [s,,+,2S,3+,4 ■ ■ ■ Se2i-l+e2^Se2,+l] N (^2 Si S3S2 S0S2S3S1 S2) ■ ■ ■ 

(s2i-2 • • • SiS2i-l . . . S2S0S2 . . . S2i-lSi . . . S2i-2){s2i ■ ■ ■ S1S0S2 . . . S2i)(yi\ 

It follows as above that the second part of the word is reduced. In fact, after multiplying 
the word with sis^ . . . S2i-i, we obtain a reduced decomposition of the longest word 

T = S1S2, ■ ■ ■ S2i-lSo(s2SiS3S2SoS2S3SiS2) ■ ■ ■(s2i-2 • • • SiS2i-l ■ ■ ■ S2SQS2 ■ ■ ■ S2i-lSi . . . 821-2) 

{S2i . . . S1S0S2 . . . S2i) 
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in the Weyl group of the semisimple Lie algebra i) C g of type D2j+i associated to the 
simple roots Oq, • • • -.oi^i- The Demazure module V^o-i('TiAo) is an irreducible c)-module, 
it is the m-th spin representation, associated to the node corresponding to a\. Consider 
the decomposition of K-o-i ('^Aq) as an 1)- and a O'-module, where c)' C t) is the semisimple 
Lie subalgebra associated to the simple roots ai, . . . , a2i- By jTHj, we get as c)'-l)-module 
the decomposition (2i + 1 < n in the B„ case): 

Vrax{mk^ = Vr{ml^\)= ^ l^(aiCJi + flic^s + . . . + aiCJ2i+i) 

ai+...+ai=m 

and, again by the Borel-Weil-Bott theorem, the same decomposition holds for the De- 
mazure module l^_(^v^^(mAo) as g-module. The case n = 2i + 1 is treated similarly. 

Next we consider the Lie algebra of type C„. We have for j = 1, ... ,n — 1 [uS^ is 
minuscule) 

^-wj = ^~2ujj = t-2eit-2e2 ' ' ' ^-2ej = t~2ei (■5lt_2ei ^l) " " " ■ ■ ■ Sit_2eiSl ■ ■ ■ Sj_l). 

Replacing t_2e^ by S2e^SQ we get 

^-tjj = "S2eiSo(SiS2eiSoSi)(s2SiS2eiSoSiS2) " " " {Sj-l ■ ■ ■ SiS^eiSqSi ■ ■ ■ Sj_i) 
= S2eiSoS2e2{SlSoSl)s2e3{s2SlSoSiS2) " " ■ S2ej{Sj-l ■ ■ ■ SiSqSi ■ ■ ■ Sj-i) 
= [s2eiS2e2'S2e3 " " " 526,] [sq (SiSqSi ) (S2S1 SqSi S2) " " " • • " SiSqSi ■ ■ ■ Sj-i)] 

We proceed now with the same strategy as before. For the moment we omit the reflections 
S2eiS2t2S2t3 ' ' ' S2ej- The sccoud part, the word 

r = Sq{siSqSi){s2SiSqSiS2) ■ ■ ■ {Sj-l ■ ■ ■ SxSqSi ■ ■ ■ Sj-l), 

is a reduced decomposition of the longest word of the semisimple subalgebra C 5 of 
type Cj associated to the simple roots ao, . . . , aj-i. 

The Demazure module V^(mAo) is, as 0-module, irreducible. Let O' C c) be the 
semisimple Lie algebra associated to the simple roots ai, . . . , Oj-i, it follows again from 
fH] that the restriction of V^(mAo) decomposes as O'- and f)-module 

F^(mAo) ~ F(2aicji + . . . + 2ajUj), 

a\ + ...+aj <m 

which, as above, implies the corresponding decomposition as g-module. 

Fot g of type F4 and lv^ we use the same strategy as above. Using the same notation 
as in P, one sees 2u;4 = 2ei = (ei + €2) + (ei — 62) = 6 + siS2S3S2Si(9), so 

^-1/(0;;^) = ^-2a;4 = ^-ei-e2^-ei+e2 = (SqSq) {S1S2S3S2S1SQS1S2SSS2S1) 

lS2S3S2SiSoSiS2S3S2Sij 
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Again we decompose the translation into a product of two words wr such that w & W and 
r is a subword of a reduced decomposition of the longest word of the Weyl group of type 
B4 corresponding to the roots {ao, «i, «2, 03}- For the corresponding Levi subalgebra of 
we have V-r{mKQ) is the Cartan component in the m-th symmetric power of the action 
of the orthogonal Lie algebra on C". Now by looking at the decomposition of this space 
with respect to the Levi subalgebra of g corresponding to the simple roots {ai,a2,Oi3} 
(using again the tables in [HI), we obtain the desired formula. 

3.4 Proof of Theorem 3 

We will need the following simple: 

Lemma 9. Let he a dominant, integral coweight of g, let Wq be the longest element of 
the Weyl group of q, then: 

/(t_AvWo) = ^(t-A^) + K^o) 
So reduced decompositions of t-\v and wq give a reduced decomposition of t-xvWQ. 



Lemma 10. Let W be the Q-module W := y_ev(rAo), then there exists a unique one- 
dimensional submodule in W . 

Proof. The proof is by case by case consideration. 

• For type A„ we have 6'^ = 00^+00^., so by Theorem 2 

F_ev(r Ao) ~ V{ruj{) ® V{ruol) 
contains an unique one-dimensional submodule. 

• For type B„ and D„, 9^ = uj^. By Theorem 2 y_^v(rAo) contains a unique one- 
dimensional submodule. 

• For type Cn, = a;^ and 6 = 2u!i, so again by Theorem 2 ^_ev(rAo) contains a 
unique one-dimensional submodule. 

• If is of type Eq, E7, Eg, F4, G2, then 6^^ = , t^i^, t^s ' '^1'' "^2 respectively and the 
claim follows again by Theorem 2. • 

We come to the proof of the theorem: 

Proof Let W be the g-module ^^^^^(rAo). Consider the following sequence of Weyl group 
elements: 

Wo < SeSoWo < {sgSofwo < {sgSofwo < ... . 
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Note that the length is additive (recall t_0 = sqSq and Lemma and in a reduced 
decomposition of sg every simple reflection Si,i = l,...,n, has to occur. So given an 
arbitrary element k G W^^, there exists an G N such that w < {sgSo)^Wo. Hence: 

ViA) = lim V^.^sor^oW 
Write A = rAo + A, then we obtain (using the Demazure operator) 

= I?(.,.o)iv(e^^o Charr(A)) 
= e"^«( Char W)^ Char V{X) 

This shows that in the sequence of inclusions 

V^(A) ^W® V{X) ^W®W® V{X) ^ ... 

the submodules W^^ ® ^(A) are, as g-modules, isomorphic to V (^g^g^-^N^^^A). Now the 
same arguments as in jTTj, chapter 3, prove the theorem. • 



4 The twisted case 

In this section we would like to extend the results to twisted affine Kac-Moody algebras 
and by the way to so called special vertices. Let be Dynkin diagram of affine type, r 
the order of the automorphism, in this section we consider only r > 1. A vertex k of the 
Dynkin diagram is called special if 5 — 0^0^ is a positive root, here 6, a^, ak and so on are 
defined in the same way as in chapter 2. For example, is always special vertex, one has 

("2) 

Oo = 2 for and = 1 for the other case. 

Suppose /c is a special vertex. Set 9k = S — ak^k, we have the finite Weyl group 
Wk = {si\i ^ k) and let be the Z-lattice spanned by uiWkifiD) (see |HI for more 
details). One knows (|H]) that the affine Weyl group of xi'^^ is isomorphic to Wk ix tuki 
the semi-direct product of Wk with the translations (modulo 5) by M^. The following 
Lemma holds: 

Lemma 11. Let k he a special vertex, then SkSg^ = tyi^f^^^ modulo 5. For A with (A, K) = 
it follows: 

SfcSe^(A) = A 

Proof. 

sksg,{x) = sk{x - xie^M 

= Sk{X-X{e^,){6-akak)) 

= X-iX{a)i) + akX{9]^))ak-X{9l)5 

So the lemma follows, because A(a^ + akO^) = 0, since X{K) = 0. • 

In section 2 we have defined the Demazure operator Dp for every real root f3, with 
Lemma Hand Lemma ITD it follows: 
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Lemma 12. Let x e Z[P n f)*]. If se,{x) = X, then D^^{x) = X- 



If one deletes in the Dynkin diagram of Xn the zero node, then one gets the diagram 
(let us call it Yn) of a simple Lie Algebra. The following list shows which diagram one 
gets after removing the zero node, and further, it shows that the positive root 5 — a^ao is 
a root of Yn. 

(2) 

• for A2 : Ai and 5 — a^aQ = ai = 6, the highest root of Ai 

• for k^2i- C!i 6 — ao^o = 0\ the highest long root of Ci 

(2) 

• for k22_-i- Ci and 6 — aoOo = the highest short root of Ci 

• for Di^i'. Bi and 6 — a^aQ = 6^, the highest short root of Bi 

(2) 

• for Eg : F4 and 6 — aoao = 0^, the highest short root of F4 

• for D4 : G2 and 6 — agao = 6^, the highest short root of G2 

More generally, a vertex k is special if and only if there exists an automorphism a of 

the Dynkin diagram, such that o"(/c) = 0. In the untwisted case special is the same as 

(2) (2) 

minuscule. In the twisted case, there are only for Aj^.^ and Dj^^i nontrivial automorphisms. 
We make a new list now for the twisted case, we delete a special vertex k 0. 

(2) 

• for A2i„i deleting 1: Ci and 6 — aiai = Of, the highest short root of Ci 

(2) 

• for Dj^Yi deleting 1: Bi and 6 — aiai = Of, the highest short root of Bi 

We get an analog of Lemma IHl Let q be the affine Kac-Moody algebra associated to Xn\ 
let o be the simple Lie algebra associated to Y^ and denote P the weight lattice of a. 

Lemma 13. Let V be a finite dimensional a module such that Char V G Z[P], then 

A(Char1/) = Charl/Vi = 0,...,n (15) 

Proof. Charl^ is stable under Di , i > 1. In fact, Charl^ is stable under D13 for all roots 
of the Lie algebra o. So only the case i = has to be considered. Now all weights in V 
are of level 0, so Dq = D^aoOo Oo = ^ — Qo^o, on these weights, which finishes the proof. 
This suffices to prove this, because if x is stable under D^, then it is stable under Dnfs, 
even if it is not a root. • 

Recall P is the Z-lattice spanned by the fundamental weights of a. One can now 
formulate a statement analogous to Theorem 1. Let be a dominant element of C Pk, 
where Pk are the integral, dominant weights of a. Let = A^ + A2 + • • • + A^ be a 
decomposition of A^ as a sum of dominant elements of M^. 
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Theorem 2. Let k be a special vertex of a twisted affine Kac-Moody algebra of type Xn , 
and let a, . . . be as above. For all m > 1, we have an isomorphism of a-modules between 
the Demazure module V-x^{mAk) and the tensor product of Demazure modules: 

F_Av (mAfc) ~ F_AV (mAfc) ® F_av (mAfc) ® ■ ■ ■ ® F_av (mAfc). 

With the Lemma above, the proof is the same as in the untwisted case. 
As in the untwisted case we can now look in more detail at the smallest Demazure modules 
y_^;(/Ao), where Ui is a fundamental weight for a. The decompositions listed below have 
been partially calculated (or conjectured) in jH], the remaining cases (and the proofs of 
the conjectured decompositions) have been calculated by Naito and Sagaki (unpublished 
result) as in [20] With a bar we denote again the a- module, where a denotes the simple 
Lie algebra associated to diagram obtained after removing the zero node. Let e = 1 for i 
odd and for i even. 

(2) 

• , a is of type Cn 

V-u^X^Ao) - V{SiLUi + . . . + SitUi) 

Sl + ...+Si<l 

• 4n-i,ci is of type 

Spj+Spj+2 + ... + Si=/ 

• Di5i, a is of type 

i = n: VZJlAo) ~ V{lun) 

i^n: 1/-^,(/Ao) ~ V{siLUi + ... + SiUi) 

Sl + ... + Si<l 

(2) 

• Eg , a is of type F4 

t = l:V.^Mo)- V{suJi) 

0<s<l 

i = A:Vl^^JlAo}^ V{siLUi + s^LU4) 

0<si+Si<l 

(3) 

• D4 , a is of type G2 

t = l:V^^Mo)- V{su,) 

0<s<l 
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For the other special vertices the decompositions can be computed by taking automor- 
phisms. 

Theorem 3 holds in the same way, for the basic module W of the direct limit one choose 
V-gv[rAk). Then the direct sum decomposition of W contains obviously an one dimen- 
sional module, namely the one who corresponds in the Demazure module V-gv[rAk) to 
the weight rA^. Again let V^^. be the direct limit constructed above. Then it follows 

Theorem 3. For any integral dominant weight A o/g, A = rA^ + A, the a-modules V^^. 
and V{rAk) are isomorphic. 
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